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i. Introduction

This paper contains the ALGOL 60 realization and a number of applica-
;:ions of some of the numerical integration methods described and analysed
in references [3] and [4]. Two ALGOL 60 procedures are presented; proce-
jlure modified taylor and procedure exponential fitted taylor. The applica-
;ions are chosen in the fields of ordinary differential equations, inclu-
ling stiff equations, and of partial differential equations.

Section 2 deals with procedure modified taylor; a definition of its
»>arameters is given as well as an outline of the several subprocedures.
lodified taylor chooses its step sizes automatically depending on the re-
juired. accuracy and the spectral radius of the system of differential equa-
tions to be solved. The storage requirements of the procedure are minimized
vhich makes it an appropriate method for the integration of large systems
(1000 or more equations) such as the systems which arise when by discreti-
zing the space variables a partial differential equation is reduced to a set
>f ordinary differential equations. As a consequence,modified taylor does
10t reject an integration step when it turns out that the discrepancy ex-
ceeds the tolerance. On the other hand, a stability criterion, derived in
the theoretical treatment of the modified Taylor method ([3] and [4]), is
incorporated. It is here that the spectral radius of the system enters into
the considerations. A further remark is that in those cases where the re-
quired order of accuracy p is less than the number n of the available deri-
vatives of the local solution (to be given by the user of the program), the
iiscrepancy is estimeted by the first neglected Taylor terms instead of the
last correction term.

In section 3 a number of experiments carried out on a simple ordinary
jifferential equation are analysed. Attention is paid to the local error of
the integration method, weak and strong stability, and the consequences of
the stiffness of a differential equation.

Sections 4 and 5 are devoted to the integration of hyperbolic and pa-
rabolic differential equations, respectively.

Finally, in section 6 and 7 the procedure exponential fitted taylor
and its application to stiff equations are given. Unlike prbcedure modified

taylor, exponential fitted taylor estimates the. discrepancy by the residual
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). The modified Taylor method

In this section we describe the ALGOL 60 version of the polynomial
ethods, with constant coefficients, as discussed in [3] and [4]. These
1ethods can be used for the numerical integration of initial value pro-

)lems of the type

,
au
T =H(U,t), ty 2t 2T,
'2.1) ~
U= Uy t =ty

\
there the function H(U,t) is such that a sufficient number, say n, of deri-

ratives of U can be derived explicitly by repeated differentiation of the

lifferential equation. For instance, linear initial value problems of the

type

(2.1') A

vhere D is a matrix with constant entries and F is an easy to differentiate
function, can be dealed with polynomial methods.

The procedure modified taylor, discussed in the following subsections,
represents the ALGOL 60 version of the polynomial method with constant

coefficients.

2.1 Procedure modified taylor

Firstly, the heading of procedure modified taylor and the meaning of

its parameters will be given:




procedure modified taylor (t, te, m0, m, u, sigma, i, derivative, k, data,

alfa, norm, aeta, reta, eta, rho, output);
integer mO0, m, i, k, norm;
real t, te, sigma, alfa, aeta, reta, eta, rho;
array u, datag

procedure derivative, output;

The actual parameters corresponding to the formal parameters are:

t: <variable>;
t is used as Jensen parameter;
when modified taylor is called t should have its initial value;
te: <expression>;
the end value of t;
m0,m: <expression>;
indices of the first and last equation of the system to be
solved;
u: a one-dimensional array ulmO:ml;
when modified taylor is called u should contain the initial
values of the analytical solution U(t);
sigma: <expression>;
largest absolute value of those eigenvalues of the Jacobian D of |
the system which are not in the positive half-plane;
sigma should be given by the user of the procedure;
i: <variable>;
a Jensen parameter for procedure derivative;
derivative: a procedure to be declared by the user:
procedure derivative (i,a); integer i; array a;
<body>;




i assumes the values 1, 2, ..., n and a is a one-dimensional

array almO:ml;
when this procedure is called in modified taylor array a contains

the components of the (i-1)-st derivative of U(t) at the point
(tyu);

upon completion of a call of derivative array a should contain
the components of the i-th derivative of U(t) at the point (t,u);
<variable>;

counts the integration steps;

if X = 0 then the integration starts with a trial step

T, = Min

. [ "o 8(n) | .

||H(to’60)|| > o(Dpl]
if k > O. then the integration proceeds with a step based on the
last three computed discrepancies;
in the very first call of modified taylor it is required that
k = 03
a one-dimensional array datal-2: datal-2]]; ,
data [-2]: the number n of derivatives of U(t) to be used;
data [-=1]: order of accuracy of the method; _
data [0]: stability parameter B(n) (see references [3] and [5]);
data [1], ..., data [data [-2]]: coefficients Bj’ J=1y eeey n
of the polynomial method (cf. section 8);
<expression>;
the step sizes T satisfy the condition Ty < alfa * Trn1?
<expression>;
selects the norm according to which the discrepancy is estimated
(see section 2.3); '
eta: <expression>;
desired absolute and relative local accuracy;
when both aeta and reta are negative modified taylor skips the
accuracy conditions;
<variable>;
the tolerance n, which is some function of'aeta and reta (see

section 2.4);




<variable>;
discrepancy used as an estimate for the local err in
the last integration step;
t: a procedure to be declared by the user:
procedure output;
<body>;
by this procedure one may order to print the valu

t, u[m0], ..., ulml], sigma, k, eta, rho;

Next we give the body of procedure modified taylor. Fo on
e procedures declared within modified taylor we refer ving

Efions. For the procedure vecvec one is referred to [2

n 1:=0;

begin integer n,p,q;

own real ecO,ecl,ec2,tau0,taul ,tau2,taus,t2;

real teu,taul,tauec,ecl,betan,gamma;

real srray c[mO:m],beta,bethal1:datal-21];

boolean start,stepl;

procedure coefficient;

begin integer Js;real ifac;
ifec:=1; gamme:=,5; n:=data[-2]; p:=datel-1];

betan:=datal0]; q:= if p<n then p+1 else n;

for je:=1 step 1 until n ES

begin betal j]:=datal j1; ifac:=ifac/J;
bethal j]s=ifac-betal j]

end; |

if p=n then betha[n] :=ifac

end;




.2l procedure normfunction(norm,w);
iteger norm; array w;

gin integer j; real s,x;

8:=0;

if norm=1 then

begin for J:=mO step 1 until m E_o_

begin x:=ebs(wl jl); if x>8 then s:=x end

end else

s:=sqrt(vecvec(mO,m,0,w,w));
normfunction:=s

1d;

ocedure local error bound;

a:=aetat+reta X normfunction(norm,u);

‘ocedure local error construction( 1);integer 1;
:_:5_13 E i=p 11_1313 Pig___in ecl:=0; tauec:=1 e_nd_;
E i>p+1 _‘21:131_1 tanecs=tauecXtau; ‘
ecl:=ecl+abs(bethal 1] )xtauecxnormfunction(norn

E i=n then

begin ecO:=ecljecl:=ec2;ec2:=ecl;
rho:=eclxtauhq
end

a3

~ocedure stepsize;

:)gin real tauacc,taustab,as,bb,cc,ec;
local error bound;

if eta>0 then

begin E:_f'_ start then
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n E k=0 then

begin integer J;

for j:=m0 step 1 until m do e[Jl:m=ulj];

1:=1; derivative(i,c);
tauacc:=eta/normfunction(norm,c);

stepl:=true

end else

E step! then

begin tauacc:=(eta/rho)A(1/q)xtau2;

E tauacc>10Xtau2 then

tanacc:=10Xtau2 else stepl:=false

end else

begin bb:=(ec2-ecl)/taul; cormeca-TbXt2;
ec:=bbXxt+ce;
tanacc:=1if ec<O then tau2 else
(eta/ec)M1/a);

start:=false

end

else

In aa:=((ecO-ec!)/tau0+(eca—ecl)/tan1)/
(taul+tan0);
bb:=(ec2=ecl) /taul—aax(2xto=tanl );
cer=ec2=t2X(bb+asxt2); ec:=cc+txX(bb+tXaa);
temace:=1if ec<O then taus E_l_s_t_e_(eta/ec),f\h/q);
1f tauacc>alfextaus then tauacc:=elfaxtaus;

if tauacc<gammeXtaus then tauacc:=gemmaxtaus;
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if tauacc<y=12 X t then tauacc:= =12 X t

end

end else tauacc:=te=t;

taustab:=betan/sigma;

_jﬁ taustab<y=12 X t then goto end of modified taylor

tan:=£ tanacc>taustab then taustab else tauace;

taus:=tau; _i_i: tau>te~t then tau:=te=t;

tau0:=taul ; taul :=tau2; tau2:=tau
end;
procedure difference scheme;

begin integer j; real b;

for j:=m0 step 1 until m do c[Jl:=ulJ]; teui:=1;

next term: i:=i+1; derivetive(i,c); taul:=tauixteu;
b:=betal1]xtaui;

if ete>0 A 1>p then local error construction(1);

for J:=m0 step 1 until m do ulJjl:=ul jl+bxelJ1;

if i<n then goto next term;

t2:=t; ti=t+tan

end;

start:= 1f k=0 then true else false;

coefficient;
next level:
stepsize; k:=k+1; 1:=0; difference scheme; output;

lf_ t<te then goto next level

end;

end of modified taylor:
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Procedure difference scheme

By this procedure the values of ulj], representing the components of
mumerical solution w ., are replaced by the components of Woqe

The procedure exactly follows the computational scheme given in [3],
ion 2.1. During the construction of W by summing the successive
:ction terms B Ti c(i)
- i 'k k °
*y i.e. the discrepancy, is build up by procedure local error construc-—

i=1,2, ..., n, an estimate of the local

Procedure local error construction‘

Procedure stepsize is based on estimates of the local errors
:Tk)ll evaluated by procedure local error construction. Therefore, this
:dure plays a central role in our calculations given in subsequent sec-

-
de

The local error pk(rk) is defined by (cf. [3], section 2.2).

=0 - !
Pie(Tie) = Vg = Uy

: ﬁk+1 is the analytical solution and u£+1 is the numerical result at
oint t = tk+1 which would be obtained when the difference scheme is
.ed at the point (tk,ﬁk) (see figure 2.1).

Uetim, _ T

Y

: “
:
f =
| U
i
i
|
| |
! | | N\ u
| |
E ! ' Y
i
; i 3 >t
%o Y Tk Y

» 2.1 Local discretization error and discrepancy in a scalar case
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However, as already observed in [4], section 2.2, it is not Py Which is

available during the integration process, but some approximation of the

error
! = U -
(2.3)  pglme) = Upyq = Uy
where Ui+1 =0 (t k), U'(t) being the local analytical solution through

the point (tk,uk). We shall call pk(Tk) the discrepancy. In most cases the
local error pk(Ik) and the discrepancy are comparable. However, when the
Jacobian of the differential equation has eigenvalues with a large negative
real part, considerable differences may occur when the eigenfunctions
corrésponding to these "late" eigenvalues vanish rapidly in the analytical
solution and when these eigenfunctions should continue to be present in the
numerical solution. In such cases one may improve the approximation by
using strongly stable methods in order to reduce the effect of the "late"
eigenfunctions (compare section 3).

The discrepancy pi(rk) can be expressed as

(2.4 oglm) = (1-8;) 7y e §1) + (3 - 8y) cég) e
+ (%!- B,) Tin) cin) + 0(T§+1).

Let p be the order of accuracy of the method, i.e.
-+
pi(T) = o(<? 1) as T > 0,
and let p < n. Then we take as a measure for the discrepancy the value of

(2.5) [1(1-8,) ch(1) s (%!_ , (p)ll .

+1 1
||c1({p )|| oot | -8 Ti ||c£n)||.

1 p+1
* l(p+1$! - Bp+1| "k
In the case of the modified Taylor method the first term of this
expression vanishes and, generally, the discrepancy is mainly determined by

the second term. However, when ||cép+1)|| has a zero near t = t,_, the third

k’




1

is a measure for the discrepancy. In scalar cases such a situation is
Pictitious. This means that it is dangerous to approximate the discrep-
by only the first neglected term. Of course, when n = p+1 we have no
ce and must hope for the best. Note that we have taken the sum of norms
sglected terms instead of the norm of the sum of these terms in order

e safe for zeroes of the sum function. |

hermore, it may be remarked that formula (2.5) generally holds for

ods with varying coefficients as discussed in [L1].

Next we consider the case p = n. We then approximate the discrepancy

he value of the last correction term:
o 1 n (n)
') Etk llck Il'

Procedure local error construction sums step by step the terms given
(i)
k

2.5). Since the vectors c are computed in procedure difference

me, local error construction is called in difference scheme each time

w vector cil) is computed.

Procedure local error bound

Procedure local error bound assigns a prescribed value to N> the

1 error bound to be imposed on the scheme. By putting

) nk = na,bs + Nrel Huk”’

€ Ny and N1 &re respectively the absolute and relative error bound .

the local error, we have a flexible formula for My

Procedure stepsize

The step Ty is determined both by accuracy conditions and stability
itions. First we consider the accuracy conditions.

Ideally, the step T should be such that

) Heog(t ) = ny-
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have seen in p?eceding sections, however, the value of ||p£(rk)|| is
m until the integration step Ty is completed. Thus, when the integra~-
rocess is arrived at the point t = tk we only know the values of

'j)|| for 0 < j < k-1. Therefore, some strategy for predicting Ty is
iary, which is based on the values of preceding discrepancies. For in-
', let it be assumed that in the neighbourhood of (Tk,tk) the error

, as a function of Tt and t, behaves as
[lo*]] = £(1,t,4,B,C5...),

f is a given function and A, B, C, ... are parameters to be deter-

by the equations
f(rj,tj,A,B,C,...) = llpj(Tj)||, j = k-1, k=2, ...
the new step T, may be predicted by solving the equation

) £(1,5t, sA,B,Cyec.) =

k°'k? Mg+

‘n the case of constant coefficients we have the error formula (see

and (2.5'))
1
 Heple I~ <21y - sl Hel@1] +
1 -
oy - el 1],

q =n if p = n and q = p+1 otherwise. We have considered the follow-

spresentations of lo]]:

) el = ¢ <%, k=1,
) Ile'|l = (Bt+c)<?, K = 2,
) [le']] = (atZ+Bt+C) Y, k > 3.
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1ese representations the dependence on the step T of the factor between
tets, the "error constant”, is neglected in the neighbourhood of

:k). Note that in this case equation (2.10) can be solved explicitly
S provided that the representation of the error constant is positive
= tk. If not we have put T = Tt
When the coefficients Bj depend on T we may choose the representation

1) |le'l] = (At+Bt+C)<Y, k > 3,

: q is some function of t tending to n (if p=n) or p + 1 (if p<n) as
). Since we only consider polynomial methods with constant coefficients
iis section, we postpone the discussion of (2.84) to section 6.5.

The first step T, cannot be predicted by formulae of type (2.8) since

0
stimates of the local error at preceding points are available. We have

the rather rough formula

step corresponds to monitoring the discrepancy of a zero order scheme
.8 expected to be sufficiently small. The next step then follows from

1), i.e.

1 Tl1 ﬂo d n1
'l'1 = R —— To = '_—1_ T .
VT T TE TRV

rer, it may happen that ||p6(ro)|‘ is so small that T, is assigned a
» much too large to be acceptable. We have allowed 11*to'increase with .

stor 10 with respect to T, until a realistic step length is reached. We

0
. call a step length realistic when the last computed discrepancy is
'r than 10-q * tolerance (when the next step is again 10 larger than
receding one, we expect that the discrepaney will exceed the toler-

. In this phase of the integration process, where procedure stepsize

arching for an appropriate step, we used the simple extrapolation
la (2.8a). As soon as procedure stepsize reaches a realistic step
h the next step shall be based on (2.8b) and thereafter on (2.8c).

is phase of the integration process the step sizes are subject to
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she. conditions

(2.12) 11 < T

5T < kialfa*-r

k-1°
vhere alfa is prescribed by the user of the program.

When procedure modified taylor is called with k z O the step size
orediction at once uses (2.8c), since the necessary error constants are
already supposed to be evaluated in the first call of modified taylor.

Having established a step size which satisfies the accuraéy conditions
we consider a second important condition, the stability condition of the
scheme. From the theory presented in [3] and [4] it follows that polynomi-

al methods give rise to inequalities of the type

B(n)

(2.13) Tk iO’(Dk)’

where B(n) is the stability parameter of the generating polynomial and
c(Dk) the spectral radius of the Jacobian matrix D, of the equation to be
solved.

It may happen that

B(n)
G(Dk) < et,

where ¢ is the relative precision of the computer used (e ~ 10_12 for the

EL X8). In such cases the integration variable is not changed so that
further calculations are meaningless. When this situation arises procedure

stepsize jumps to the end of procedure modified taylor.

2.6 Procedure coefficient

This procedure calculates the coefficients Bys +ees Bn

and the parameter q.

2.7 Real procedure normfunction (norm, w)

If the parameter norm has the actual value 1 this procedure assigns




1 norm } array
.8 calc L.
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3. A single ordinary differential equation

Our first experiments were done in order to illustrate the advantage
of a variable step length, the consequences of weekly and strongly stable

schemes and the difficulties which arise when an equation becomes stiff.

3.1 The initial value problem U = -etU+etlnt+1/t

Consider the following initial value problem

4
%% = -etU + etlnt +'l, t 3_10-2,

(3.1) <

2

U(1072) = 1n(107°).

Clearly, this problem has the solution
(3.2) U(t) = 1nt.

3.2 The difference scheme

Suppose that one decides to solve (3.1) by a Taylor method. Which
method depends on the accuracy desired and the range over which the solu-
tion is to be computed. We have considered the following generating poly-
nomials (see [3], section 4.1, 6.2, 6.3 and [5] , table L4.1):

12,13 1 L

(3.3) Ph(Z)=1+z+§z M <R

(3.4) P (z) = 142+ -;-22 + -%23 + .0184557 z*,

(3.5) P (z) =1+ 2+ %22 + 0786845 23 + .003608k5 2,
N oo 2 1.3 1.4

(3.6) Ph(Z) - 1 + Z +-3%Z + 1280 + 81920 .

These polynomials generate difference schemes which are fourth, third,

second and first order exact, respectively and are appropriate for the nu-
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rical integration of equations of which the Jacobian matrix (in this case
e scalar -et) has hegative eigenvalues. For such equations the approxi--

te values of the stability parameters B(l4) are, respectively,
.T) 2.78, 6, 12, 32.
ese values complete the data necessary to define the integration method

be used. In the actual program the data are stored in array data [-2:4].

r instance, the method corresponding to (3.3) is defined by

data [-2]:= L4,

data [-1]:= L;

data [0]:= 2.78;

data [1]:= 1;

data [2]:= .5;

data [31:= .16666T7;
data [4l:= .0L16666T.

Next, we have to consider the ALGOL 60 description of the initial

lue problem. We restrict our considerations to procedure derivative:

scedure derivative (i,a); integer i; array a;

zin if i = 1 then
begin expt:= exp(t); 1lnt:= 1n(t); c0:= al0];
cl:= a[0]:=-expt * cO + 1/t + expt * 1nt

end;

if i = 2 then c2:= al[0]:= expt * (1nt+1/t-cO-c1) - 1/t/t;

if 1 = 3 then c3:= al0]:= expt * (1lnt+2/t-c0-2%cl1-c2-1/t/t) + 2/t/t/t;

if i =L then al0l:= c3 - 2 * (1+3/t)/t/t/t + expt * ((1-(2-2/t)/t-c1-2%c2-c3)
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Here, the variables expt, 1lnt, c0O, c1, c2 and c3 are to be declared at the

beginning of the program. Note that cO, c1, c2 and c¢3 correspond to the

i)

Finally, we give the actual call of procedure modified taylor by which

quantities cp s i=0, 1, 2, 3, occurring in procedure difference scheme.

the results listed in tables 3.1 - 3.4 were produced:

k:= 03
modified taylor (t, if k < 200 then t else 8, 0, 0, u, exp(t), i,

derivative, k, data, 1.2, 1, 10'5, 10‘1’, eta, rho, output);

3.3 Variation of the step size

In tables 3.1t - 3.4 the results at the points t = tk’
k = 0, 10, 20, ..., which were obtained by the methods generated by (3.3) -
(3.6), are listed. We have respectively given the step number k, the value
tk of the integration variasble, the step size Ty» the maximal step allowed
by stability, the tolerance N divided by the discrepancy lpil,'the global

discretization error € and its maximal absolute value ||s||m.

Table 3.1 Fourth order Taylor method

S Tk Tstab n/logl - | e=Tw | el
=2.78 exp(-tk)
ol .00 | 5107 2.78 y 100 0 3.4 10~2
10 | .ok .006 2.78 2.25 -2.5 1o'h
20 | .165 .024 2.38 1.90 -3.4 10”
30 | .572 .067 1.57 1.49 -2.4 10'h
Lo |[1.47kL .165 .19 1.18 -2.4 1072
50 |3.350 | .099 .099 59 6.6 1071
60 |L4.0okL3 .0k9 .0k9 T76 -T.1 10'8
70 |L.LhT .033 .033 3135 -1.9 10'8
. .. .. y cee »
200 |6.107 .006 .006 2 10 -4.7 10
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Table 3.2 Third order Taylor method with one stability term

© o % "k stab ne/logl | o=l | el
=6 exp(—tk) .
0| .010 5,10‘6 5.94 7 1010 0 1.7 1073
10 | .ok4s5 .008 5.76 2.78 +1.2 1073
0 | .207 .037 4.86 2.2k +1.7 1073
30 | .764 | .088 2.82 1.57 49,2 1o'h
0 |2.272 | .333 .61 1.71 +4.3 107
0 |4.018 | .OT1 11 .88 -3.1 107
50 [L.570 | .ok2 .060 1.01 -2.8 10~°
0 |4.926 | .030 .ol 1.00 -2.8 10~
0 [5.189 .023 .033 1.00 -2.7 10”7
)0 |6.530 . 006 .009 1.00 -2.7 10~°

In all four tables we see a rapidly varying step size Tyt This varia-
is due to the accuracy condition as well as the stability condition

ed on the difference scheme.

In the first part of the integration interval the step size prediction

verned by the accuracy condition

= n_
T2 Tace T E_ °

q is the lowest power of T occurring in the formula for the discre-

p' andEé is the extrapolated (predicted) value of the error constant

r instance, the fourth and third order method respectively have the

spancies

lop(e) ] = ot 1y 1o ~ Lone <) [o{M)
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(3.10)  lop(r)] = Gy - c018u557) [el)] ~ 023 1) [elM],

from which we conclude that q = 4 and E behaves like |c( )| The value of

lc(h)l is defined by the fourth derivative of the local analytical solution

J'(t), i.e.
LI L t
(3.11) c(h) —%— U' () = —d-,; [1nt + Ce € ] ,
at oy O et
K K
%

k

where C is some constant (we have in fact € = -ce~® ). When the global

error € is negligible with respect to the analytical solution ﬁ(t) = 1nt we

haxe ;éh) ih) = -6/ti so that the analytical error constant E behaves as
. This implies a linear increase of Toce for the fourth and third order

method as may be concluded from formula (3.8) (a similar conclusion holds

for the second and first order method). However, the presence of the error
t ,
€, which is of the form -ce™¢ , introduces into the error constant a compo-

nent which is increasing with t so that, in practice, Toce will have a
lower rate of increase and will finally decrease when the increasing compo-

nent becomes dominant.

fig. 3.1 Analytical and numerical behaviour of the stepsize Tt
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Table 3.3 Second order Taylor method with two stability terms

£, T, Ttab n/lepl | elw | Hellg
= 12 exp(-tk) )
010 | 5 107 11.9 3 107 0 4.6 1073
.021 .003 11.8 1.55 -1.1 1073
.062 .007 11.3 1.1k -3.3 1073
0 | .165 .016 10.2 1.09 4.5 1073
.389 | .031 8.2 1.05 4.3 1073
.TT0 0oLk 6.3 1.02 2.6 1073
0 [1.227 . 067 3.5 1.01 8.4 10'h
0 |2.292 .158 1.2 1.01 -9.1 1077
o [3.588 .091 .33 .99 —2.0 107
0 |4.312 .055 .16 1.00 -1.0 107°
0 |4.TT6 .038 .096 1.00 -T.1 10’6
10 |5.117 .030 .072 1.00 -4.9 10‘6
20 |5.430 .0k6 .05L 2.08 -3.6 107"
30 |5.768 .025 .036 6.48 -9.2 10‘8
10 |6.072 .028 .028 17.11 -1.3 1078
50 16.319 | .022 ' .022 35.07 -5.5 1077
0 16.517 | .018 .018 70.13 | -2.8 1072
)0 |7.056 .010 .010 L66 4.6 1077

From figure 3.1, where the observations given above are illustrated,
e that analytically the step size linearly increases until the stabili-

»ndition

nJ
~—

T < T

nes more severe than the accuracy condition (3.8), after which the

size decreases exponentially. In this region the equation is said to

a stiff behaviour. The fourth order method (see table 3.1) exhibits
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pproximately such a behaviour of the stepsize. The third and second order
ethod, however, show some irregularities which will be explained in section
.5. The steps of the first order method are completely controlled by accu-

acy requirements because of the small integration interval covered in 200

teps.
Table 3.4 Fourth degree Chebyshev polynomial
L O ™ Tstab n/logl | e Ty | el
= 32 exp(—tk)
0| .010 5 1070 31.68 6000 0 2.6 1072
10 | .013 .000k 31.59 .99 +2.6 1073
20 | .018 .0006 31.43 1.00 +6.6 1073
30 | .025 .0008 31.21 1.00 +1.0 1072
Lo | .o3k .0011 30.93 1.00 +1.4 1072
50 | .ob7 | .001k 30.53 1.00 +1.7 1072
60 | .062 .0018 30.08 1.00 +1.9 1072
70 | .082 . 0022 29.48 1.00 +2.1 1072
80 | .106 .0028 28.78 1.00 +2.3 1072
90 | .136 | .0033 27.93 1.00 +2.4 1072
100 | .172 .00ko 26.94 1.00 1 +2.5 1072
110 | .214 | .o0k6 25.84 1.00 +2.6 1072
120 | .263 | .0053 24.60 1.00 +2.5 1072
130 | .319 .0060 23.26 1.00 +2.5 1072
200 | .835 .00Th 13.88 1.00 +1.2 1072

3.4  Accuracy

In the region governed by the accuracy condition (T =t < T ,.)

acc stab
sne would expect to find approximately equal values for the tolerance and
iiscrepancy, i.e. nk/|p£| ~1.

Except for the first order method (table 3.4) this is, at least ini-
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7, not in agreement with the numerical results. The reason is that the
solation process, by which the error constant E is predicted, cannot

v the rapid decrease of E. Hence, procedure step size predicts values
which are larger that the real ones, so that, according to formula

, the step sizes turn out slightly lower than when we had known E in
*e. As a consequence we find nk/lpil > 1. As soon as p', as a function
slows down the prediction of T, becomes more accurate so thatwe find
o~ 1.

[n the region governed by the stability condition (Tt = ) we have,

Tsta'b
1rse,nk/|p£| >> 1,
{ext we consider the global error € in the region governed by condi-

(3.8). As was pointed out in reference [3], section 2.2, the error ¢

k
Fies the relation
tk

) € = Ph(Tk e ) € t Py
Py is the local discretization error. For instance, the fourth and
order methods have local errors which are given by

__1 5~(5) 6y _ 5 =5 6
) pk(Tk) =155 & %t O(Tk) .2 T By F O(Tk)

1 4 ~(L4) 5 L -k 5

! = - ~ -
) ey () = (5 - .0184557) 7 c 7 + O(ry) b T t + 0(ey),

‘tively. These formulae, together with (3.9) and (3.10), explain why
>urth order method yields more accurate results than the third order
1, although both methods are applied with the same values for the

inces. For the integration process tries to keep |pi(rk)! equal to e

results in stepsizes differing by a factor 4%5% ~ 1.2, i.e. 20%.

the fourth order method chooses smaller steps and has a higher order

discretization error. This implies a smaller global error e

k
mection with this it may be remarked that the third and second order

1:;yield errors of comparable order of magnitude. This is due to the
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hat both methods use the first negiected terms (instead of the last
tion terms) of the local Taylor expansions as a measure of the dis-
cies.

'inally, we discuss the behaviour of €k in the region controlled by

ity. In this region (3.13) assumes the form
: case of the fourth order method we have

€4y = P, (-2.78) € * Py ~ €y t Py

€, is negative and o) positive in the region where (3.13') is valid

k

‘ormula (3.9')), we may expect that e increases so that initially

k
s decreasing. This is in agreement with the results listed in table

'or the second order method we have
it = Ph (-12) g * P .85 € * Py-

1igh both € and Py are negative in the region where (3.13') applies

- again ex;ect a decreasing behaviour of lekl (cf. formula (3.10')).
;hat the parameter B(4) = 12, which was taken from [3], formula

), is slightly lower than the parameter calculated in [5], table L.1,
we found the value B(L4) = 12.0464. When this larger value was employ-
should have found an increasing behaviour of |ekl since then the re-

1

€ ~ €

k+1 ~ Sk T Pk

for €, .

k

Jeak and strong stability

[n the preceeding two subsections the results listed in table 3.1 =

sre discussed. One phenomenon, however, namely the fact that the third
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or method never, and the second order method only after some "hesita-
1", reaches the region controlled by stability, was postponed to this
section. This phenomenon is related to weak and strong stability. In
3 paper, a method is called strongly stable when the amplification

sors of the scheme are all within the unit circle. In the present ex-

t
le the amplification factors are given by Ph (—Tk e k). In figure 3.2

;e factors are illustrated for the polynomials (3.4) - (3.7). From this
ire it is seen that the fourth order method can be made strongly stable

*equiring

-tk
0 < Ty < 2.78 e —,

by excluding neighbourhoods of T = 0 and 7 = 2.78 e tk. In the case of
other polynomials we may obtain strong stability at the cost of inter-
.ate regions of forbidden T values, which is, however, undesirable from
‘actical point of view. Before we give a construction‘of a strongly sta-
scheme we shall demonstrate the danger of weakly stable schemes.

Consider the third order method applied to example (3.1) for t > 3.
such values of t we derive from formula (3.10) and (3.11)

y My

' ~ .
pk(rk) .023 T e ,

hat Ty will behave as

. \h ___EE___ e—tk
k”V To23]e,] :

e the different behaviour of the local discretization error
k) ~ - .1k Tt t;h and the dis?repanfg pi(rk) ~ ,023 T; etk).

table 3.2 afg the relation n ~ 107 + 10 1n tk we deduce that the
ficient of e X in this expression for Ty increases from 3.74 at k = 50
.25 at k = 200 and never reaches the value 6 of the stability parameter
(see (3.12)). One may ask why Iekl remains almost constant in this re-

of the integration. In order to explain this consider figure 3.2. We

that the polynomial Ph(;Tk e k)sgenerating the third order method,
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t
assumes values near -1 in the neighbourhood of T © ko 4.39 or
-t
O = L.39 e K For such step sizes we have

T e O ™
since P May be neglected with respect to €kt This implies that |ek|
remains approximately constant, which is a direct consequence of the weak
stability of the method.

This example clearly demonstrates the danger in using weakly stable
methods. The temporary increase of the stepsizes in table 3.3 is due to the
same phenomenon as described above. But in this case the integration pro-
cess did eventually succeed to pass the region where the amplification fac-
tors equal -1.

We now try to improve the weakly stabilized Taylor methods by construc-
ting strongly stabilized methods. For the class of methods generated by the
polynomials Tn (1+z/n2) we refer to [3], section 4.1. Here, we consider the
third order method generated by (3.4). From figure 3.2 it is seen that
Ph(z) reaches its minimal value at z ~ -4.39. Suppose that the last coeffi-

cient is changed with the amount 4 Bh' Then we have
a Py (-k.39) = (—h‘39)h ag, ~37148
)-l»_. N )4 )4.

As a rough estimate of the minimum of the new amplification factor we may

take the value of
-1+ 371 4 Bh'

The stability parameter B(L4) of the new polynomial can be estimated from

the relation

3
d (k) = — B7(4) 5 d B, ~ -438 4 B, -
E-gew)+3%e(m
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;hese relations one easily derives a polynomial which has, for in-

:, & minimal value of sbout .9. We found

12 13 L

) P(z) =1+ 2 +52" +gz7 + .01872597 z°, B(4) ~ 5.90.
[n table 3.5 results obtained by this polynomial are given. The sta~-
r parameter B(4) was given the value 5.8 in order to make sure that

aplification factors are within the interval [-1,1] for all step sizes.

Table 3.5 Strongly stable third order Taylor

method with one stability term

~

T Tk Tstab ”k/|°£| € Ux [ell.,
=5.80 exp(-tk)
| .o10 | 5107 5,742 7 1010 0 1.6 1073
)| .okt .0081 5.534 2.78 +1.1 1073
)| .215 .033 4.678 2.23 +1.6 10'3
)| .790 .090 2.632 1.55 +8.4 10'h
)| 2.385 | .357 - .53b 1.91 +4.0 107
)| 4.215 .086 .086 1.33 +8.0 10‘6
| 4.846 | .06 .0k6 2541 +2.2 1072
y| 5.228 | .031 .031 15200 +4.1 10”10
3| 6.851 | .006 .006 1.9 108 | +3.6 10712

ssults of the first 4O integration steps closely resemble the results
i in table 3.2. After that, however, the strongly stable scheme quick-
aches the region where stability controls the step length.

Although the stabilized Taylor methods enable us to integrate equa-

of type (3.1) more efficiently than the standard Taylor methods,

are far more efficient integration methods. We mention the two- and

-cluster methods given in [4], section 4.4. In section 6 of the pre-
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+. Hyperbolic differential equations

In this section we study the numerical solution of the Cauchy problem
Por some simple hyperbolic differential equations by the modified Taylor
nethod.

4.1 The equation U, = %U

Consider the

(1) A

"
®
»

bR

]
x
o
g
]
8

U

By discretizing the variable x, that is replacing x by the discrete
variable jE, j = 0, *1, ¥2, ..., where £ is the mesh size, we may approxi-
mate equation (L.1) by an infinite set of ordinary differential equations:

du 1

(4.2) % - TE

3t (x, - X_)U.

Y

Here, U denotes a vector with an infinite number of components correspon-
ding to the grid points j& and X, are shift operators with respect to the
index j of the components of U. The operator occurring in the right hand

side of (4.2) may be represented by a matrix D of infinite order i.e.

-

cooy

&=

09 ‘19
0,

0, +1, 0, ...
’1a 0’ +1s 0’
03 '19 Os +1’

0,
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3 easily verified that D has eigenfunctions Ew of which the j-th compo-
is given by
EiJ) = exp(iwjg),

: w is an arbitrary real number. The corresponding eigenvalues § of D

tiven by

= L o3
§ = 5z Sin wg.

. D has purely imaginary eigenvalues with a spectral radius

= —
a(D) = T
1], section 5 the polynomials are given which generate difference
les suitable for the integration of this type of differential equa-

. For instance, the polynomials

2 3

Py(z) = 1+ 2 +32° + 27, B(3) = 2,
P (2) = 1+ 2+ 32 + B0+ 5lab, a(u) = 22,

polynomials are second and fourth order exact, respectively. Hence,
n be easily verified, the analytical solution of (4.1) will locally
fy the difference schemes generated by (4.5) and (4.6) apart from a

0(13) + 0(152) and O(TS) + o(rgz),

ctively. Since the stability condition, which is of the form

. 1§J(g—§ = 2 8(n)e,

s time steps of order { we shall have an approximation error of at
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order 53. Note that the second degree polynomial given in [3], for-
5.1), which is only first order accurate, will yield a residual term
+ 0(152), i.e. of order 52.

'n the actual application of the modified Taylor method to equation
we are faced with the fact that the number of components of U is in-
». However, when we wish the difference solution at the point (jg,tk)
¥y need the values of the difference solution at the points

_q)s (GEDEL ), oy ((J2n)E,t, ). This is illustrated in figure

rn =L,

(3-)E (j=3)& (3-2)E (3-1)& & (3+1)e (§+2)g (§+3)E (j+b)e

fig. 4.1 Domain of dependence for a fourth degree gen-

erating polynomial applied to equation (k4.2)

*ore, when we roughly know the number, say K,of steps necessary to
~ate the initial value problem and when the solution is required at,
points we have to start with a system of J + 2Kn differential equa~-
. Moreover, during the integration process the number of relevant
ions decreases, so that it is efficient to change the index m, of the

equation and the index m of the last equation. Let the initial func-

JO be specified at the points x = j§, j = gys go+1, «ees g. Then the

s m, and m should be defined by the procedure
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{er procedure mO;
. integer decrement;

if k = 0 then decrement:= i else decrement:= i + (k-1) * datal-2];

m0:= &g + decrement; m:= g - decrement
that the use of this procedure avoids the repeated calculation of the
of m in the for statements occurring in modified taylor.

We are now in a position to give the ALGOL 60 version of procedure

ative.

dure derivative (i,a); integer i; array a;

real ajml, aj;
ajml:= a[m0-1];

~for j:= m0 step 1 until m do

begin aj:= aljl;
aljl:= (alj+1]-ajm1)/L/ksi;
ajml:= aj

end

ksi denotes the mesh size { and must be specified before modified
r is called.

Suppose that the solution is required in the region
R: [-.05 < x <.05] = [0 <t < .k45],

srmore, let us take a mesh size
£ = .0025,

he solution is required at 40 gridpoints when t = .U45. Condition (L4.7)
ribes a maximal time step .010 and .010/2 for the polynomials (k4.5)

+.6). Therefore, by the argument given above we have to start with at
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40 + 2 % (.45/ .010) * 3 = 310 and 40 + 2 * (.L45/ .010/2) * L ~ 296
'ential equations, respectively. However, when the accuracy condition
e restrictive than the stability condition we shall need a larger set
200 for

jolynomials. The values of the remaining parameters, such as t, te, u,

lations. In order to have a safety margin we took g = -go

nd sigma, need no further explanation.

'aving specified all parameters of procedure modified taylor which
terize the problem to be solved and the method to be used, we arrive
v actual call of this procedure:

= 0

odified taylor (t, if k > U5 then t else .45, m0, m, u, 1/2/ksi,

3 2

i, derivative, k, data, 1.5, 2, 10 ~, 10 _, eta,

rho, output )3
n table 4.1 and 4.2 the results are listed for k = 5, 10, 15, ...

Table 4.1 Generating polynomial (L4.5)

k t | e/ epl o | Hel lg/HT !5
ol o 3.3 107 o

5 | .05 3.4 10° 3.3 10‘8

0] .10 3.6 10° 1.0 1077

15 | .15 3.8 10° 2.1 1071

20 | .20 4.0 10 3.7 1077

25 | .25 4.1 10° 5.7 1077

30| .30 | k4.1 10 8.2 107"

35 | .35 4.0 10° 1.1 10"6

b0 | .ko 3.8 10° 1.4 107°

45 | .45 3.6 10° 1.8 1070

:se tables || ]|2 denotes the Euclidean norm over the grid points

g), m, < j<mand || ||R denotes the Euclidean norm over the grid
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3 (jE,tk), -20 < j < 20. The error € is defined by the difference of
1alytical solution U(t) = exp(—(x+%t)2) of (4.1) and the numerical
lon
eld) = expl-(jertt )21 - ulj]
k 2k

ulj] is the numerical solution at (jg,tk).

Table 4.2 Generating polynomial (4.6)

k|t | o/l epl o | e TR/ g
ol o 1.1 107 0

5 | .07 1.1 107 2.0 1078

10 | .1k 1.0 107 6.6 10’8

15 | .21 1.0 107 1.4 1077

20 | .28 1.0 107 2.5 1071

25 | .35 1.0 107 3.8 107"

30 | .k2 1.0 107 5.4 1077

32 | .u48] 1.1 107 5.7 107"

\n analysis of table 4.1 and 4.2 reveals that the step size is comple-
zoverned by the stability condition (4.8). Ideally, the steps should

*h that the errors due to discretization of x and t are approximately

, From (L4.7) it follows that in the case of the second order method
omial (4.5)) the approximation errors are comparsble as t,£ - 0, hence

r expect the same for the discretization errors e, . In order to verify

:onsider the errors € produced by the fourth ordzr method (with re-
to t). These errors consist for the greater part of errors introduced
: x-discretization. Since the second order method uses the same x-dis-
tation we may conclude for this method that the discretization error
> the t-discretization is slightly larger than the error due to the x-

stization. Thus the stability condition is not a restriction for the
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integration process. The second integration process can be economi
ing a more accurate discretization of the operator 3/3x in order tc

the approximation errors of comparasble order as T,§ + O.

The equation Ut = tUx

Consider the Cauchy problem

U =tUx, =® < X < @, Oitim’

G
[}

exp(x), -» < x < ®, t =0,

\

the analytical solution

) U = exp(x + %tz).

problem may be approximated by the infinite set of differential equ

) 'i[l=i(x

it - 2 (K - XU,

U, £ and X, are defined in the same manner as in the preceding st
on.

The eigenvalues of the Jacobian D of (U4,12) are given by

i E-sin wg,

g

~
O
]

at

) o(D) =

oy |t

results: in the (local) stability condition
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mall values of t this condition allows large step sizes Ty However,
arge values of T, the linearization on which (4.14) is based is not
. Therefore, we must apply (L4.15) very carefully. For instance, we

. replace o(D) by the spectral radius of D at the point t + 1, i.e.

T4t &
uivalently,
/B(a)E for t2 << b g(n)E
") 1< g (AP B(n)E - 1) ~
Btn)g for t° >> 4 g(n)E.

From (4.7) and (L4.15") it may be concluded that for small values of t
pproximation error of the difference schemes generated by the polyno-
; (4.5) and (4.6) is of order 53/2 and 55/2, respectively. For larger
1s of t both polynomials yield an error of order 63. Hence, it is ex-
:d that polynomial (L4.6) shall yield more accurate results. .

Finally, we have to discuss the derivatives of U defined by equation

). Let us write it in ‘the form

’s 1
] - -
2 ) U= 1tD U, D = oF (X —X,l)

it is easily verified that

=th0+ DU,
U=tpU+ 2D 0,
W=1td U+ 3D U.

corresponding ALGOL 60 version is given by
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sdure derivative (i,a); integer i; array a;
1 real vjml, vj;
vIlmo-1J:= alm0-1];

ii i = 1 then for j:= mO step 1 until m do

begin v[jl:= aljl; aljl:= (t/2/ksi) * (alj+11-v[j-1]) end;
if i > 1 then
begin vjml:= v[m0—1];

for j:= mO step 1 until m do

begin vj:= vLjl3
vLjl:= aljl;
aljl:= (t/2/ksi) * (alj+11-v[j-11) +
(i-1)* (1/2/ksi) * (v[j+11-vim1);

vjml:= V.
J j

end

end

, it is supposed that m0 and m are integer procedures defined by (4.9)

that v is a one dimensional array vlgO:g] declared at the beginning of

program. It may be remarked that this procedure can be written in a
efficient form, but we have preferred the formulation given above in

r to keep things as simple as possible.

Suppose that the solution is required in the region
R: {-.6 <x < .6} » {0 <t < 1.2},

let the mesh size £ be given the value .02. Then, if the step size is
letely determined by the stability conditions we would at least

1.2 *x 30 = 36 and 1.2 * 30 * %'/5.;:26 steps for the polynomials (k4.5)
(4.6), respectively (cf. condition (4.15')). However, if the values of
nd n, are small, the accuracy conditions will prescribe much smaller

s. For reasons of security we took, in all cases, the maximum number of
ts needed to accomplish 60 steps, i.e. g = -g0 = 30 + 3 * 60 = 210 and
-4 * 60 = 270, respectively. This completes the definition of the para-

rs characterizing the initial value problem and the method to be used.
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We have done some experiments with i ing values of Ny and n:

- -6 y - -2 -
(ng>n) = (1072,107°), (10-*,10 07%,1073).

The actual call of modified taylor w follows:

k:= 0, '

modified taylor (t, if k > 60 then t 1.2, mO, m, u,
2 % datal01/(sqrt(t atal0]xksi)-t),
derivative, k, data 2, aeta, reta,

eta, rho, output);

In table 4.3 through 4.8 the results ese experiments are listed.
Table 4.3 Table 4.4

1erating polynomial (4.5) lerating polynomial (4.6)

(ngon,) = (1072,107°) (ngn,) = (1072,107)
t |/ el o] el te | /el o) Heellg
0 3.4 10711 0 0 1.3 10718 o
.11 .0 8.7 1071 .18 .9 1.0 1070
.26 1.0 7.0 10'6 b 1.0 6.4 10’6
.38 1.0 1.5 1077 .69 1.0 1.6 1072
48 | 1.0 2.3 107 91 | 1.0 2.7 1072
.58 1.0 3.2 1077 1.12 1.0 .1 1072
.68 1.0 4.1 1077 1.20 - 4.7 1072
7 | 1.0 5.1 1077
.85 1.0 6.1 107°
.93 1.0 7.2 1072

1.01 1.0 8.2 1072

1.08 | 1.0 9.3 1072

1.15 - 1.1 10"4




Table 4.5

rating polynomial (L4.5)

nagnr) = (10-1*310-5)

tk nk/”pkHQ ||€k”R

0 3.4 10" 0

.25 1.1 1.1 1077

.50 1.0 6.6 102

.70 1.0 1.3 1o'h

.88 1.0 1.9 1o"l‘l

.05 1.0 2.5 10'”

.20 - 3.3 1o'h
Table L4.7

‘ating polynomlal (4.5)

150,) = (107%,1075)

tk ﬂk/llpkllz ”ekIIR

0 3.4 10%° 0

50 | 1.9 107" | .26 10~°

80 | 4.0 10%" |1.7 107t

o1 | 5.7 10"" |2.8 107t

20 - 3.7 10'h

Table L.6
rating polynomial (L.6)
la’“r) = (10—h,10-5)
o [m/Heglly | Heglly
0 1.310713 ] o
31 3.0 3107
75 1.5 1.6 10°°
05 3.5 3.h 10‘5
20 - k.5 1077
Table 4.8
ating polynomial (4.6)
oonp) = (1072,1073)
o e/l loglly | ey
0 1.3 1077 0
59 | 7.8 1071 | .4 1077
ok | 2.7 10%2 |2.0 107%
20 - 3.8 10'h
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Parabolic differential equations

In the preceding section partial differential equations were consid-
of which the Jacobian possessed purely imaginary eigenvalues. We now
entrate on a class of equations which have negative eigenvalues. We

1 illustrate the application of modified taylor to such equations by two
le diffusion problems.

-t(

. 8
The equation U, = U__ + e x1o+90x -x)

t XX

Consider the initial boundary value problem

(

Ut =U + e't(x1o+90x8—X), 0<x<1, t>0,

o <x< >

) 4 U =1+ x(1-x7), 0<x<1, t=0,
U =1, x=0,x=1, t>0.

\

.eference [T7] some results are given obtained by applying the modified
or method. Here, a more detailed discussion will be given how these

1ts were obtained. Problem (5.1) is solved by the function

M) U=1+ e-tx(1—x9).

Let us define the operator

2
+

D(i) = a(X] + xf) + b(X, + X ) +ec,

~

‘e X, are the usual shift operators with respect to the mesh size £ and

). and ¢ are weight parameters to be determined in such a way that D

2

‘oximates the operator 82/3x as £ > 0. A simple calculation yields the

.owing expansion for the operator D:

. 2 L
3) D) = (2avapte) + (Mavp) £ -—33 +1—;(16a+b) g —%; +
9xX ox
6
1 6 9
+§6'6(61&a+b) 3 —6'+ ese

90X
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(1)

if

From this representation of D it follows that we have a first order

exact approximation of 32/3x2

{

2a + 2b + ¢ 0,
(5.4) <

(4a+b) g2

]
—-—

\

and a third order exact approximation if, in addition,

(5.5) 16a + b = 0.

The operator D(l) can be applied in the grid points (jE,tk),

J =2, 35 eees 5—1 - 2. At the point (E,tk) we define the operator

3 L

(b) _ '
(5.6)  D®) = arx 4+t +o'x, + QXS+ e'X] + X,

and at the point (1-€,tk) a similar operator, which is obtained when X, is

replaced by X?‘ This operator may be represented by the series

(5.6') p®) (a'+b'+c'+d'+e'+L') + (-a'+b'+2d"'+3e'+Uf')E 3% +

1 2 32
+-§(a'+c'+hd'+9e'+16f')i —> *
9x

1 3 33
+ 8(-a'+c'+8d'+27e'+6hf')£ — +
3
9x
4

+ E%(a'+c'+16d'+81e'+256f')gh T

9x
1 5 9
+ ——(-a'+c'+323'+2L43e'+102Lf" )£ + ..
120 2%

We have a first order exact approximation of 82/3x2

if

at the boundary points
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{
b' +c' +d' +e' +f'=0.
c' + 23" + 3e' + 4f' =0
—ﬁ
+hd' +9e' +1651 ) €2 =2,
c' + 8a' + 2Te' + 6Uf' = 0
\
third exact approximation if, in addition,
c' + 164" + 81e' + 256f" = 0,
<
c' + 32d' + 2L3e' + 102L4f' = 0.
’robler ) can now be approximated by an initi .ue pro
ystem ¢ inary differential equations
U FF,
'b' c' d' e' f' O . ° --
b c b a 0 0 .
a b c b a 0 .
0 a b c b a 0] . .
D o . a b ¢ b a O




b7

_ _ _
gl £10,490¢8 - varel]

y(2) (22)"%90(26)8 26 +a e

(3g) %400(3)® -3¢

= @) |, r=et (;6) "Os00(38)8  -jk
ylm=1) ((m=1)) "%490( (m-1)€) 8- (m=1) £4a &®
LU(m) i B (mE)1o+90(mE)'8 -mg +a'ei

. simple calculation reveals that the set of values

’ -
a=0, b=£2,c=-2£2,

a'=£72, b'=2£72, ¢'=£72, d'=e'=f'=0,

\

rise to a first order exact approximation and

_ 1.=-2 =& -2 =~2 -2
a -"'1_2'5 s D 3£ s ©C 26 s

1,-2

- - 2 - -
at=s2s2, b=fe’, o=t ?, arsle?, ereged, £1ame

;hird order exact approximation.

‘n the first order case it is easily verified that the matrix D has
“unctions of the form exp(wj&) with eigenvalues

-2

8 = 2(cos wg-1)E
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, D has negative eigenvalues with a spectral radius

) o(D) = kg2,

In the third order case the eigenfunctions and eigenvalues are not so
y found. As an estimate of o(D) we shall use the spectral radius of
atrix D approximating the operator D(i) within third order accuracy,
is we neglect the boundary conditions. The eigenvalues § of this ap-

mation are of the form

2

= () eog? 8 AT
..) 8, = (-3 cos“ug + 3 cos wg - 3)E

the spectral radius
16 =2
35 ¢

') (D) =

dae (5.13) and (5.14) lead to the stability conditions
) t<pemE’, <3 e,

setively. _
Clearly, equation (5.9) should be solved by polynomials which exploits
Fact that D has negative eigenvalues. Such polynomials are discussed in
rence [3]. The order p of the polynomial to be used is determined by
spproximation error of the difference scheme. In the cases (5.10) and

1) we have respectively errors

o(<P*1y + o(xe2), o(P*") + o(xgh),

—~
-

hat, by (5.16), p should be chosen 1 and 2. For p = 1 we have chosen
polynomials

8) Th(1+z/16), T10(1+z/100)

g(4) = 32 and B(10) = 200.
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= 2 we have chosen the polynomials

Py(z) = 1+ 32 +32, 8(2) = 2,
Pylz) = 1+2+ 32 + g 8(3) = 6.2,

P(z) =1+ 2+ %22 + .0786845 z° + .003608L5 zh, B(k4) = 12.

ésdwdmwkaJ)mroiti3.mt%R5JtMrdﬁWe

<Y €. and an estimate for the computational labour required, are

. (the computational labour was measured by the quantity Ken/1004x,

K is the number of integration steps, n the degree of the polynomial

has the values 1 and 2 in the first and third order case respectively).

Table 5.1 Values of computational labour and relative

accuracy obtained in solving problem (5.1)

€rel T, (1+42/16) | T, (1+2/100) | P,(z) P(z) | Py(z)
.10% 130 80 30 15 11
.06% 290 160 ko 20 15
.02% 1070 700 6T 33 2k

[hese results were obtained by neglecting accuracy conditions (aeta
sta negative), because it was expected that the stability condition .is

ost stringent one.
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: = A
The equation U, = (aU+b) (Urr + rUr)

The next initial boundary value problem arose in a physics problem:

4

1
U, = (aU'+b)(Urr + ;Ur), 0O<r<e=, t2>0
U =1, 0O<r<1, t=0,
)) P
U =0, 1<r<e, t=0,
u. =0, r=0, ©, t>0.

, -a and b are given positive constants.
In [6] this problem was solved by replacing the discontinuous initial

sion by the continuous function

1, r < 1-Ar,

(r=1)+Ar M),

3) U= T %(1+cos( 1-Ar < r < 1+Ar, t =0,

o, ’ x > 1+Ar.

hermore, the independent variable r was replaced by a variable x which
ifies the region 1-Ar < r < 1+Ar in such a way that the initial func-
in this new variable behaves sufficiently smooth. Here, we shall not

such a transformation. Moreover, we replace the right hand boundary

ition simply by
3) U=0, r=r

Problem (5.22) can be approximated by an initial value problem for the

erential equation (compare [6], section 4)

L) U = DU,
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‘here U is a vector with components U(J) corresponding to the grid points

Es J =0, 15 25 4aey my m = E% and D is the matrix
2409, 4,10 4 o, 0
1,(1) (1) 3,(1)
4, =edt Y, Za Y, o0, o
o L 2@, 4@ @ o 0
T~ =M C C L~ U T
£ . . J . . 24
. '2m~1 (m) .(m)
0 e ¢ e+ 4 o 4 e 4 4 4 s 4 s o ® o, Tan s, =24

he grid function d(J) is, in fact, the diffusion coefficient

at) = guld) 4y,
As was pointed out in [6], D has negative eigenvalues with
5.25)  o(D) < &2 Max(2.a(d)).

J

Equation (5.2L4) is a first order exact approximation of the partial
ifferential equation and, therefore, should be solved by first order exact
enerating polynomials. Since D has negative eigenvalues we choose the

olynomials Tn(1+z/n2). In our experiments we took:

SRR CUERLT P

B AR ..
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o
n

-.263, b .291,

Ar = .08, g= .02, r,=2.

(5.25) and the stability condition associated to the generating poly-
Ls Tn(1+z/n2) it follows that we certainly have stability for

T=

g%g; 12 g-2 - 10-hn2.

[n table 5.2 some results are listed for n = 10.

Table 5.2 Numerical solution in the neighbour-

hood of the transition point r = 1

 |1.00 | .84 | 7T | .T4 | .T2 | .TO | .68 | .6T | .66 | .65 | .64
»2 [1.00 | .T9 | .74 | .T1 | .69 | .6T | .66 | .65 | .64 | .63 | .62
4 | .95 | .74 | .70 |- .68 | .66 | .65 | .64 | .63 | .62 | .61 | .60
6 | .84 | .69 | .66 | .65 | .64 | .63 | .62 | .61 | .60 | .59 | .59
8| .68 | .64 | .63 | .62 | .61 | .60 | .59 | .59 | .58 | .58 | .57
| .50 .59 | .59 | .59 | .58 | .58 | .57 | .57 | .56 | .56 | .55
2 | .33 | .54 | .55 | .56 | .56 | .55 | .55 | .55 | .54 | .54 | .5k
oh | .18 | .9 | .52 | .53 | .53 | .53 | .53 | .53 | .53 | .52 | .52
% | .09 | .44 | .48 | .50 | .51 | .51 | .51 | .51 | .51 | .51 ] .50
8 | .03 | .bo | .45 | .7 | .48 | .49 | .49 | b9 | .bk9o | .49 | .k9
10 | .00 | .36 | b2 | .4 | 46 | b7 | b7 | 4T | 4T | LT | LT
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5. The exponential fitted Taylor method

The second numerical integration method presented in this paper is t
procedure exponential fitted taylor. This procedure is based on the three
:luster method described in reference [4], section L.k, It is appropriate
for the integration of those problems of type (2.1) in which the Jacobian

nas eigenvalues § which can be reasonably placed into three clusters as

illustrated in figure 6.1. Such equations are said to be stiff.

AIm 6

fig. 6.1 Eigenvalues § situated in three clus-

ters with dé, << [8,], a8, << |8

1

In an actual application of the method it is necessary to give expli
2itly the first three derivatives of the function U(t) in terms of t and
In the following subsections the ALGOL 60 version of the three-clust

nethod is discussed.

5.1 Procedure exponential fitted taylor

The heading of this procedure reads as follows:




5k

:dure exponential fitted taylor (t, t
deri
reta

ter mO, m, i, k, norm;

t, te, sigma, alfa, aeta, reta, eta,

rug

:dure derivative, output;

The actual parameters corresponding

vt identical to the parameters define

<expression>;

-
es .

approximation of the modulus

cluster;

<expression>;

argument ¢ of the center of

phi should be given in radia
ter: <expression>;

diameter dGl of the left han

diameter should be given by
. reta: <expression>;'

desired absolute and relativ

aeta and reta should be posi

Next the procedure body is given:

n integer k1;
own real ecl,ec2,taul,taul ;tau2;
real q,ecO,tau,taul, ,betan,t2,sigmal ,

real array c,ro[mO:m],beta,bethal1:3

sigma, phi, diame
, alfa, norm, aeta

output);

iameter;

1 parameters, as f

2.1, are:

er 61 of the left |

cluster;

er of the procedur

racy n, and n.s
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rocedure coefficilent;
2gin real b,bl ,b2,bb,e,beta2,,beta3;
b:=tauxsigmel; b1:=bXcos(phil); bb:=bXb;
if abs (b )<;=3 then
begin beta2:=,5-bb/24;
beta3:=1/6+b1/12;
bethal3]:=,5+b1/3
end else

begin e:=exp(b1)/bb; b2:=bxsin(phil);

betal:=(~2xb1-lixb1Xb1 /bb+1) /bb;

beta3:=(1+2xb1/bb) /bb;

if abs(b2)<y=9 then

begin betal:=betal~ex(b=3);
beta3:=beta3+ex(b=2) /b;
bethal 3] =1 /bb+ex(b=1)

end else

begin betal:=betal—exsin(b2=3xphil)/H2Xb;

beta3:=beta3+exsin(b2=-2xphil) /b2;
bethal 3]:=1/bb+eXsin(b2=phil) /b2Xb;
end
end;
betal1]:=bethal1]:=1;
betal 2] :=beta2; betal 3]:=beta3;
betha[ 2] :=1-bbXbeta3; b:=abs(b);
q:=if b<1,5 then 4—2xb/3 else if b<6 then (30-2xb)/9 else

md;
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yrocedure normfunction(norm,w);
T norm; erray w;

integer j; real s,x;

> nornr=1 then

3gin for j:=mO step 1 until m iq

begin x:=abs(wl[jl); if x>8 then s:=x end

1d else

:=sqrt(vecvec(mo,m,0,w,w));

>rmfunction:=s;

lure local error bound;

setat+reta X normfunction(norm,u);

jure local error construction(i); integer i;

integer j; real b;

| ]

i=1 then for j:=mO step 1 until m do rol j]:=0;

£ i<l then

sgin b:=bethal 1]xtaui;

for j:=mO step 1 until m do rol j]:=rol jl+obxelj]

nd;

f i=L then
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in for j:=m0 step 1 until m do rol J1:=rol jl=tauxel j1;

rho:=normfunction(norm,ro);

ecO:=ecl;ecl :=ec2; ec2:=rho/tauhq;

re stepsize;

?_El_. tauacc,taustab,taucr,aa,bb,cc;

k=OAk140 then begin k:=kl;teau:=tau2;goto eos end;
al error bound;
=2xabs(sigmal/dismeter);bb:=,5x%ebs(1/sin(phil));

‘ana‘-'-aax(j’._i:_ aa<bb then aa else bb);

k=0 then tauacc:=(eta/normfunction(norm,c)) else

k1=0 then

in tauacc: =(eta/rho)AN(1/q)xtau2;

E tauacc>10xtan2 then tauacc:=10Xtau2 else kl:=2

| else

k1<l then

:in tanacc:=(eta/rho)A(1/q)xten2; kl:=kl+1 end else

:in aa: =(tauoX(ec2—ec1 )=tauix(eci~ec0))/
(taulxtauO=taulxtaul );
bb:=( eca-ecl—aax(taud=taul))/taul;

if as>0 then

begin cc:=ec2-aaxXtau2=bbXt2;tanace:=0;tau:=alfaXtau2;
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if Tzeroin(teuacc,ten ,aextanaco-eta/tauacchg+bbxt
+ce,=3Xten2) then tauacc:=teu2xalfa;
end else tenacc:=(eta/rho)A(1/q)xtau2;
taus=tau2x(if ete<rho then (eta/rho)N(1/q) else elfa)

E tanacc>tan then tauwacc:=tau;

E tauace<,5%Xtau2 then taunacc:=,5Xtau2;
end;
taustab:=sbs(beten/sigmal); teucr:=taulxteu2/teui;

taus=1if tanacc>taustab then taustab else taunacce;

E taustab<y=12xt then goto end of eft;

1f taunace<y~ 2xXt then tauace:=y=-12Xt;

1f Io1Ataw>tauerx( 1—y=6)Atau<taucrX(1+y-6) then

tau:=if tau<taucr then tauerX(1=my=b6) else taucrX(1+46);
taul:=tanl ; taul :=tan2; tau2: =tau;

eos: if t+taw>te then :tau:=te-t

end;

procedure difference scheme;
begin integer 1,j; real b;
1:=0;tanis=1;8igmal :=sigma;phil:=phi;

for j:=m0 step 1 until m do c[Jl:=ulJ];

next term: i:=1i+1; derivative(i,c);

_'.1;1: i=1 then

begin if k#$0 then
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begin local error construction(l);output end;
stepsize; coefficient;k:=k+1

end;

tauil:=tauixtau; b:=betal1]xteuni;

local error construction(i);

for j:=m0 step 1 until m do uljl:=ul jl+bxelJ];

i{ 1<3 then goto next term;
t2:=t; t:=t+tan

ond;

tl:=k; k:=0;
level:

jifference scheme; 12 t<te then goto next level;

>utput;
of eft:

>f exponential fitted taylor;

rocedure difference scheme

hen procedure difference scheme is completed the array ulj] contains

=t +1

mponents of the numerical solution at the next grid point t AL

k+1
n principle, this procedure is equivalent to procedure difference
. declared in modified taylor, but the organization is different. The

. is that the construction of the local error is completely different




60

section 6.3). For instance, the error associated with the step T, Dot
uses the successive derivatives cil), but also the first derivative at
axt point (tk+1’uk+1)' Therefore, procedure difference scheme must
2d until the first correction term of the next step, otherwise the
length Thet1? which is based on the error produced in the step T,» can-

2 predicted.

>rocedure local error construction

\s already observed in section 2.3 it may be inconvenient to measure
>cal error by the first neglected terms of the local Taylor expansion
>se cases where the differential equation has a stiff behaviour. There
7o reasons: firstly, the discrepancy may differ considerably from the
error; secondly, the first neglected terms may be a poor approxima-
;0 the discrepancy. In order to illustrate this we consider once again
1ird order stabilized Taylor method applied to problem (3.1) for t > 3

section 3). We have

T T T
oy (1) ~ -.wq-}%)“ + 257 - 20+ L

t t t
k)h + L(Tke k)5 - %!—(Tke k)6 + ..].

Di(Tk) ~ Dk(Tk) + ek[;.023(1ke 51

i elaborate these expressions for the maximal step size allowed by

Aty, i.e.
-t
Ty ™ 6e k.
re have
o, (1,) ~oah —1220 gy 10"8 ift, > 3
k''k tk L k
(t,e ™)
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'6.2") pi(rk) ~ pk(rk) - .26ek ~ - .26ek if € > 10—8.

[n actual computation, however, we approximate the discrepancy by its fir
laylor term, so that we find

'6.2") pi(rk) ~ pk(rk) - 29.67ek ~ - 29.67£k if € > 10—10.

Jur conclusion is the following: firstly, the discrepancy is a reasonable
ipproximation to tﬂe local discretization error provided that the global
liscretization error is at least less than 10-9; secondly, estimating the
liscrepancy by its first Taylor term we are led to values which are a fac
or 100 too large.

This example clearly shows the danger of estimating the local error -
;he first Taylor terms of the discrepancy.

We will describe a completely different approach for controlling the
iccuracy of numerical calculations. Our starting point is simple: instead
f substituting the local analytical solution into the difference scheme,
thich gives rise to a discrepancy pi(r), we substitute the numerical solu
;ion valid between two points t, and tk+1 into the differential equation.
'his gives rise to a residual ck(r). Let Up(t) be the numerical solution
)etween the points P = (tk,uk) and Q = (tk+1’uk+1) (see figure 6.2). Sub-
ititution of Up(t) into equation (2.1) leads to ‘

6.3) g (t) = U(e) - H(t,U (t)) = ﬁp(tkﬂ) - Bty e+, U (8 +1)).

le now have the following theorem.

'heorem 6.1
’he discrepancy pi(rk) is given by
Tk
A ~
61 oyl ~ [ E g

wrovided that the integral
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) = “k [H(t,U' () - H(t,U_(t))Iat
Ik(Tk = H(t, P - s P

by

:1igible with repsect to the right hand side of (6.L).
rmore, we have

Ik(r) = O(TP+2) as T > 0,

p is the order of the method.

't is easily verified that

= o' - = o - o o -
)= UL (G ) = Upltyy ) = Ut ) Up(ty) + Up(ty) - U ()
t . t
+ ~ L]
= f k1 50 (6)at - f k5 ()at
t P t P
k k

t t
_ { k+1 ~ k+1 .
= f [H(t,Up(t)) 7 H(t,Ub(t))ldt + ft [H(t,UP(t)) - Up(t)]dt

tk k

Tk
I g (t)at + Ik(Tk).
0

cond statement of the theorem is trivial.

‘rom this theorem we derive for 1, - 0O a simple upper bound for the

k
pancy, i.e.

Hog (e ) T < 7yl ey (r I

given value of 1, the correctness of (6.5) depends on the value of
. Nevertheless, it seems reasonable to base the accuracy of numerical

ations on the value of
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Tkligk(Tk)ll'

H(t +T,5'(tk+r))

k

ﬁé(t)

H(tk+T:Up(tk+r))

+
T Bt T

'ig. 6.2 Geometrical illustration of the residual function ck(r)

srocedure local error construction calculates the value of expression
and uses it as an estimate of the discrepancy.
;he definition of the three-cluster method it follows that

(1) 2 (2)

Up(t) = Up(tk+r) =u +TCc, o+ BT )+ 83(T)T3 (3)

Ck ’

B, and 63 are given functions of 1 (see [4], formula (4.14)). This

) = °i1) + Bé(Tk)chie) * Bé(Tk)T§°§3)’
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A | b cos ¢ sin(b sin ¢ - 2¢)
82 = -3 [% cos ¢ + e in ],
_ 1 b cos ¢ sin(b sin ¢ - ¢)
(6.9) 4 ey=ly 14 sin ¢ - o]
b
b = Tkléll.

Note that B! = 1-8 b2

2 37

From (6.6) and (6.7) we finally derive

(2) _
k B3k

(6.6") Tkllck(rk)ll = ']chélz - T,¢ £1) - B

'T2C
2k

In the exponential fitted Taylor method we have adopted the right hand
side of (6.6') as a measure for the discrepancy. The array bethalil, occur-
ring in procedure local error construction, corresponds to the coefficients

Bi.

6.4 Procedure local error bound

See section 2.k,

6.5 Procedure stepsize

As in section 2.5 the prediction of the step Ty is based on an extra-
polation of the error constants, which are known at the points t = t.,
J < k, to the next point t = tk. We have used the extrapolation process re-

presented by formula (2.8d), i.e.

(6.10)  ||p'|| = (ar+Bt+c)7l.
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the following function was taken (see figure 6.3).

ﬂ\

2 [~ ——- - =< q

e e - - - — - -
R

\

0 1.5 6

fig. 6.3 Order q of the discrepancy as a function of b = rk|6l|

Representation (6.6) gave rise to some difficulties. Firstly, when the

size 1, equals the critical value

k
1.'2
_ k-1
Ter ~ 7 ’
k-2

in the next step, the value of A becomes infinite. Therefore, proce-
stepsize excludes the new step Ty from a small neighbourhood of Top
dly, the constant A may turn out to be negative; thus when T increases
rror constant decreases, In order to avoid this undesired behaviour of
rror constant we have used representation (2.8a) in cases where A < O.
ly, since the extrapolation formula (6.10) is only linear with respect
and t the extrapolation process is more sensitive for variations of T
than in modified taylor which uses a parabolic formula. In order to

. against rapid variations we have put

q Ny

.) i '
¢ IAERI

on as ||eg(r)|| > ny. This means that the step length decreases each
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it is found that the discrepancy exceeds the tolerance. Of course, the
of procedure exponential fitted taylor may prescribe more severe ex-
ions a than (6.11).

vhen a prediction of the new step length Ty is found, this step is

2d for stability. The following stability condition is used ([L4], for-
(4.8') and (4.18)):

2
16, |5, |

d61|sin ¢i’

Min(
(as,)?

T. <
k — ]51]

:ondition guarantees stability with respect to the components corres-

1g to eigenvalues in the left hand clusters. The stability properties

*espect to the right hand cluster are identical to those of the third

Taylor method as T > 0 and Euler's method as Tk|51| + o (compare the

1s given in [3], fig. 3.1),

rocedure coefficient

’his procedure calculates the values of the cdefficients 82, 63, Bé
; according to [L4], formula (L4.14) and formula (6.9) of the present

Furthermore, the value of q is calculated according to figure 6.3.
these coefficients depend on the step length, procedure coefficient

led in every integration step.

teal procedure normfunction (norm,w)

'ee section 2.T.
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merical solution of stiff equations

e shall employ procedure exponential fitted taylor for the numerical

on of some simple ordinary differential equations with a stiff behav-

'he equation U = -etU + etlnt + 1/t

et us again consider problem (3.1). We recall that for t > 3 the dif-
ial equation becomes increasingly stiff and, as we have seen in sec-
3.5, in this region the modified Taylof method is seriously limited in
.ep sizes by stability conditions. We have applied the three-cluster
l.to problem (3.1). Since ¢ = m the stability condition for this pro-
yecomes (compare (6.7))

|

|

1

Tk i )4 —"2' .
(dcl)

;ll and dﬁl we have chosen the approximations

t t,. T t
= K = k. k - k -
|61| =e , 4§ =2e (e -1) 2t e 7.

‘tution into (T.1) yields
) . <k ——JE;J——- = 9-1/3tk
k — L/3 :
48, |

chis it follows that the parameters sigma and diameter respectively

. + .
) sigma = e t, diameter = 2e2/3t.

[n table 7.1 the results are listed of the following call of procedure

sntial fitted taylor (compare the call of modified taylor in section

):




68

(= 03
:xponential fitted taylor (t, if k < 200 then t else 8, 0, 0, u, exp(t),
3.141592, 2 * exp(2%t/3), derivative, i, k, 1.5, 1,
10-5, 10-b', eta, rho, output);
Table 7.1 Three cluster method applied to prob-
lem (3.1) with n, = 10‘5, nr,=.1o‘h

oot |0 "stab, me/legl | legl = [Tl | 1lell,
= exp(- 3t,) :
0 .010 5 10'6 .997 1010 0 1.3 1073
10 .034 | .ook .989 1.7k T.4 10"h
20 | .113 | .013 .963 | 1.63 1.3 1073
30 | .339 | .035 .893 1.61 1.3 1073
Lo .888 | .076 .Thh 1.39 6.1 10')+
50 | 1.766 | .092 .555 .88 5.2 1072
60 | 2.619 | .078 118 .92 .3.7 1072
70 | 3.336 | .065 .329 .95 3.1 1077
80 | 3.942 | .056 .269 .95 2.6 1077
90 | 4.466 | .09 226 .96 2.3 1077
00 | 4.928 | .ok3 .192 .97 2.0 1077
00 | 7.915 | .022 .0T1 1.00 3.5 1070

At first sight the superiority of the three-cluster method is not
lear from these results. In the first part of the integration process it
s even considerably less efficient than the stabilized third order Taylor
ethod generated by polynomial (3.4) (compare table 3.2). This may be ex-
lained by the fact that the present method has third order accuracy only
s T > 0, whereas the Taylor method is "uniformly" of third order. In the
econd part of the integration the three-cluster method is the more effi-

ient one, as it is not retarded by stability. This means that we can ac-
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elerate the integration by relaxing the accuracy condition. Note that in
he case of the modified Taylor method a less severe tolerance function
i1l hardly diminish the number of integration steps as the greater part
f the steps is governed by stability.

In table 7.2 some results are given for lower values N, and nr. As can
e seen a large number of integration steps are saved while a reasonable

ccuracy is retained.

Table 7.2 Three-cluster method applied to problem (3.1)

N | K| % Tk Tstab /oy ] v|€k|=|ﬁk_ukl lel,,
= exp(- gtk)
107" 10 | .772 |.389 773 10.3 5.3 1072 9.7 1072
20 |L4.592 |.216 .216 T.7 1.5 1073
30 |6.256 | .12k 124 17.8 2.4 1o'h
4o | 7.312 | .087 .087 27.2 7.6 1072
49 |8.000 . 069 - 2.3 1077
1072 | 10| .238 |.080|  .927 3.2 4.3 1072 | L.b 1072
20 |3.098 | .283 .356 .8k 2.8 1073
30 [5.336 | .169 .169 1.15 6.4 1o'u
4o | 6.701 | .107 .107 2.2 1.5 10'h
50 | 7.629 | .0T9 .079 3.1 6.1 1077
55 | 8.000 .069 3.9 1072
1073 10 | .075 | .021 .975 .82 6.4 1073 8.6 1073
20 | .596 | .122 .820 2.4 6.3 1073
30 | 2.64h4 | . 167 R .93 4.2 10'h
4o | L4.080 |.119 .257 .9k 2.6 10‘h
50 | 5.138 | .093 .180 1.00 1.k 107"
60 | 5.995 | .OTT .136 1.00 8.3 1077
70 | 6.718 | .066 .107 1.00 5.0 1077
80 | 7.342 | .058 . 087 1.00 3.3 107
90 | 7.888 | .051 .072 1.00 2.2 1077
93 | 8.000 .069 1.1 1o'6
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The efficiency of our integration method can be further improved by
sxploiting the fact that in all our experiments with a constant tolerance
it turned out that the accumulated discretization error € is relatively
small for larger values of tk. This may be explained by recalling the fact
shat the differential equation becomes increasingly stiff for larger values
f tk so that the discrepancy becomes an increasingly more pessimistic es-
;cimate of the local discretization error. This suggests to use a tolerance
Pfunction which is larger as the equation becomes more stiff. In the present
ieztk in the stiff region,
thile the local discretization error is certainly not expected to increase

vith t

rase we expect the discrepancy to behave like T

K This implies that the tolerance function e should be such that
she step sizes prescribed by accuracy are at least non-decreasing in the

stiff region, i.e.

et us take 3 < t < 8 as the stiff region of the problem. Then we may
iefine

’

7.3) me = (ngtn | lw | ),

2t, -6 ‘
there fk = 1 for tk < 3 fk = e for tk > 3 and Ngs N, are constants.
lith this tolerance function we found the results listed in table 7.3 (see
age F1).

We have omitted the case ng = n, = 10"1 since the results would be
\qual to the ones listed in table T.2. This can be concluded from the fact
'hat in table 7.2 stability already controls the integration in the stiff
‘egion.

This section is concluded with a comparison of the computational
.abour involved when applying the modified and the exponential fitted Tay-
.or method in the stiff region, respectively. Let 3 < t < 8 be the stiff
‘egion then a modified Taylor method with stability parameter B(n) chooses
itep sizes which do not exceed the value

-t

T = B(n)e X
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Table 7.3 Three-cluster method with the tolerance function (7.3)

L S Tk “stab, m/log] | legl=1Uw ] | 1lell,
= exp(- Etk)

1072 | 10| .238] .080 .92 3.2 4.3 1072 |h.4 1072
20 [ 3.098 | .310 .356 .76 2.8 1073
30 | 5.490 | .160 .160 1.8 10° 5.k 10‘h
40 | 6.798 | .10k .10k b5 103 | 1.4 107
50 | 7.700 | .OTT .OTT 3.8 10h 5.7 1077
55 | 8.000 . 069 1.8 1077

1073 | 10| .o15] .021 975 .82 6.4 107> 8.6 1073
20 | .596 | .122 .820 2.4 6.3 1073
30 | 2.644 | 167 il .93 4.2 10"h
40 | 4.548 | .220 .220 1.7 1.4 1073
50 | 6.232 | .125 .125 1.1 102 | 2.5 107"
60 | 7.29% | .088 .088 1.5 103 | 8.4 107
69 | 8.000 .069 " 3.7 1077

na=1o’z 10| .034|.00k| .989 1.74 7.k 10'; 1.3 1073

nr=1o' 20 | .113|.013 .963 1.63 1.2 107

30| .338].035 .893 1.61 1.2 1073
Lo | .88k4 | .0T6 .Th5 1.39 5.1 1o'h
50 | 1.767 | .092 .555 .88 5.2 1072
60 |2.619 | .078 418 .92 3.7 107°
70 | 3.365 | .080 .325 .90 5.1 107
80 | 4.285 | .108 .2ko .9k 2.1 10‘h
90 |5.630 | .153 .153 1.73 4.1 10'h
100 | 6.888 | . 101 .101 3.8 10 1.3 1o‘h
110 | 7.767 | .OT5 .075 3.1 10° 5.3 1077
11k4 | 8.000 . 069 1.7 10‘6
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> 3 we may approximate this relation by

k
Tk glme
dk ]
at
t
k= ! e k + const.

B(n)

this relation we deduce that the number of steps required by the modi-

laylor method to integrate the interval 3 <t < 8 is at least

e8-e3 _ 2981-20 _ 2961

B(n) = B(n) ~ B(n) °

the number of evaluations of a derivative of the right hand side of

ion (3.1) is at least

2961n
B(n) °

lower bound does not depend on the required accuracy. For the methods
ssed in section 3 expression (T7.l4) assumes the appropriate values L4000,
970 and 360. The expoﬁential fitted Taylor method, however, requires
ser of evaluations which varies from 100 to 150 for the cases listed
’le T.3.

[wo coupled differential equations

[n reference [1] the following initial value problem was discussed as
lustration of a stiff differential equation:

U=DU+F, U(0) = ﬁo,
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-500.5 499.5 2 1
499.5 -500.5 2 .1

The matrix D has the eigenvalues 61 = -1000 and Gr = -1 with eigenvec-
tors (—1,1)T and (1,1)T, respectively. In the initial phase the solution is
for the greater part composed of the eigenvector-(-1,1)T since the initial
vector is composed of this vector. However, this component will vanish
rapidly, as it corresponds to the eigenvalue 61 =-1000, and the inhomogene-
ous term F only introduces the slowly varying component corresponding to

§.=-1. In fact, the analytical solution of (7.5) is given by

1 L1
(7.6) U= 2(1_e't) + T% o~ 1000t <
1 1

We have done experiments with

3 L

(7.7) no= = 1,1071,31072,1072,31073,1073,3107%, 107", 31072, 1070,

a r

The actual call of exponential fitted taylor reads:

k:= 03 (
for te:= .1 step .1 until 1 do _
exponential fitted taylor (t, te, 0, 1, u, 1000, 3.1416, 0, derivative, i,

k, 1.5, 2, aeta, reta, eta, rho, output);

In table T.4 we have listed the values of 3K, K being the total number

of integration steps, and

llell, = Maximum T, yu ll, s
£,23/10,3=0,1,...,10 (1) k! 12
where | | ||2 denoted the maximum norm.
Note that the standard third order Taylor method, which is of compara-
ble order as T + 0, requires at least 400 integration steps, thus

3K > 1200.
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Table T.4 Three-cluster method applied to problem (7.5)

ng=n.| 3k | [lell,
10° 36 | 3.6 1072
107" 39 | 3.6 1072
3 1072 39 | 3.6 1072
1072 51 | 3.1 1072
3 1073 81 | 1.8 1072
1073 17 | 1.1 1072
3 107 189 | 5.8 1073
107" 288 | 3.1 1073
3 107 468 | 1.5 1073
1077 711 | 6.9 10'h

[n order to investigate the consequences of an inaccurate estimate
2ft eigenvalue we have done experiments with iﬁtentionally wrong

1 |6ll or ¢. Furthermore, we have done the corresponding experimen:
ich dél was chosen in such a way that the exact position of 61, i

1000, was just in the left hand cluster determined by |61|, ¢ and «

fig. 7.1 Simulation of a cluster with non-zero diameter_dél
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T.1 it follows that

2 3 6
8, =2/ |87+ 210 |8,[cos ¢ + 107 .

sults are shown in table 7.4 and illustrated in figure T.2 and

Table 7.4 Three-cluster method applied to prob-

lem (7.5) with ng = N, = 10—3
dél =0 s, according to (7.8)
/sy | ae/m | 3k | lell, 3k | [lells | Tgpap
0 117 | 1.1 1072 17 | 1.1 1072 ®
05/m | 120 | 1.1 1072 | 120 | 1.1 1072 | .2
L10/m | 126 | 1.1 1072 126 | 1.1 1072 | .05
15/m | 132 | 1.1 1078 174 | 6.3 1073 | .0222
.20/7 | 135 | 1.1 1072 264 | 3.3 1073 | .0125
0 .25/m | 135 | 1.1 1072 b1 | 1.7 1073 | .0080
| .30/7 |- 192 | 7.6 1073 561 | 1.0 1073 | .0056
| 35/w | 246 | 5.5 1073 | 81 { 5.9 107 | ookt
.ho/m | 303 | 3.9 1073 ou8 | 3.6 10‘h .0032
A5/7 | 369 | 3.0 1073 | 1185 | 2.2 10‘h .0026
.50/m | 336 | 1.0 1072 | 1452 | 1.4 10'h .0021
-.5 462 | 8.3 1073 | 1536 | k.2 107> | .0020
-4 330 | 6.8 1073 828 | 2.k 1o‘h .0038
-3 273 | 4.9 1073 | Lk | 1.3 1073 | .0078
-.2 7 | 9.1 1073 177 | 5.5 1073 | .0200
-1 126 | 1.1 1072 126 | 1.1 1072 | .0900
0 0 17 | 1.1 1072 M7 | 1.1 1072 | =
. 126 | 1.1 1072 126 | 1.1 1072 | .1100
.2 132 | 1.1 1072 147 | 8.7 1073 | .0300
.3 138 | 1.1 1072 237 | 4.1 1073 | .ok
i 171 | 8.8 1073 384 | 2.2 1073 | .0088
.5 222 | T.1 1073 534 | 1.3 1073 | 0060
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2
+0 d61 0

30
10
30

30
ds, =0

2

o .05 .10 .15 .20 .25 .30 .35 .40 .45 .50 d¢

fig. T.2 The computational labour as a function of d¢/m

30 d&lzo

-5 =4 =3-.2 -1 0 .1 2 .3 .4 .5

fig. 7.3 The computational labour as a function of.lell/IGlI
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, we consider the results corresponding to dél = 0, the case of an in-
itely estimated eigenvalue 61. As can be seen from the figures we have
'rease of approximately 15% of the computational labour (function
itions) provided that ¢ and |61| are accurate within #8% and -15%,
respectively. For higher inaccuracies the computational labour rapid-
reases. Furthermore, we observe that it is better to estimate |6l|
wrge than too small.
we consider the cases in which a cluster with non-zero diameter is
ited (figure 7.1). From the figures 7.2 and 7.3 it may be concluded
che integration becomes increasingly more laborious when the diameter
ises. Only for relatively small clusters fhe accuracy condition
1, = 10_5 is more severe than the stability condition.

r

\ third order differential equation

Jonsider the initial value problem

U+ (1-2r cos ¢) U + r(r-2 cos ¢) U + r2y = 0,

u(o) = 1, U(0) = 0, U(0) = 0

r and ¢ are given parameters.

»roblem can be written in the equivalent form

1 0
3
U=( 0 0 1 U,
--r2 -r(r-2 cos ¢) 2r cos ¢-1

U has the components U, U and U.
[t is easily verified that the Jacobian matrix of (7.9') has the

ralues
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-1, rei¢, re_i¢.
, for large values of r and m/2 < ¢ < m the three-cluster method is an
yriate integration method for problem (T7.9').
’his example was chosen to illustrate the superiority of the residual
.a for the evaluation of the discrepancy over the usual formula based
: first neglected Taylor terms. In order to see this we consider the

11 solution of equation (T7.9'):

1 1 . . 1

e : 1¢ i 1)
U=cy|-1 et + c.. |-re? Tt cgy | -re ¢ e7Tte >

2 . .

r2e21¢ r2e-21¢
Cys Cp and cy are integration constants determined by the initial
;ions. In general, the constants sy and CE are O(r-1) so that initial-
: third derivative of the vector ﬁ is 0(xr™). Hence, the discrepancy,

timated by its first neglected Taylor terms, is at least T3O(rh). This

s initial steps of order (n/rh)1/3. To be more concrete, let
r=1000,¢=—2—131,n=10-3.

5

re have to expect initial steps t ~ 10 °.
hen using the residual formula for the discrepancy the three-cluster
|l needs in the case (7.11), 8 trial steps whereafter the step sizes
'rom .025 (at t~0) to .039 (at t~1). In table 7.5 some results are

| obtained for alfa = 1.5 and norm = 2.

't may be interesting to compare these results with the results ob-

. when the initial values are changed to

leads to the analytical solution (7.10) with c,; =1andc, = cqy = 0.

s case procedure exponential fitted taylor only needs 2 trial steps,
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she initial derivatives do not contain the fastly decaying compo-

In table 7.6 some results are shown.

Table 7.5 Three-cluster method applied to problem (7.9')

3

~with.r .= 1000, ¢ =.2n/3, n, .=.10 " and n. =0
‘ ty Tk N Y U | ek T U
) 0 10710 [1.000 .000 .000 0
s | .00001 | .0001 |1.000 6 1074 _11 1.1 1072
) L0611 .025 .9k2 .9k2 .9k2 9.1 1o‘h
5 .190 .027 .827 .827 .827 4.2 1o'h
) | .327 .029 .T19 .T19 .T19 1.6 1073
) A75 .031 .619 .619 .619 2.5 1073
) 634 .033 .527 .527 .527 3.4 1073
;| .806 .037 U3 443 443 4.0 1073
) .99k .006 .367 .367 367 k.5 1073
1 | 1.0000 .363 .363 363 b5 1073
s 7.6 Three-cluster method applied to equation (7.9') with initial

conditions (7.12) and r = 1000, ¢ = 2n/3, n = 1073, n. =0

" Tk e Uy L e = YUk
) 0 6 10 1 -1 1
5 .081 .026 .921 .921 +.921 8.2 10'h
| 212 .027 .807 .807 +.807 2.1 1073
; .351 .029 .701 .701 .701 3.0 1073
y | .500 .031 .603 .603 .603 3.9 1073
; 660 .03k .512 .512 .512 4.6 1073
) .836 .037 428 428 128 5.1 1073
| 1.000 .362 .326 .326 5.4 1073
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7.4 A stiff equation from biochemistry

In biochemistry the following initial value problem is of interest:

(

S = (-1+C)S + .99C,

(7.12) T ¢ 103(-c+(1-c)s),

s(o) = 1, c(o0) = o.

\

The solution is required at t = 50.

The Jacobian matrix of (7.12) is given by

C -1 .99 + S

(7.13) D=
103(1-c)  -103(1+48)

According to the theorem of Gerschgerin the eigenvalues are situated in two
circles of radius .99 + S and centered at C - 1 and ¢103(1+S), respectively.
Thus, initially the eigenvalues are in two circles of radius 1.99 and cen-
tered at -1 and -2000, while in the stationary state (5=C~0) the eigen-
values are near -1 and -1000. From this it follows that (7.12) is an ex-
ample of a stiff equation, so that the three-cluster method should be used.
In table T.T the results obtained at t = 50 are shown. In the actual call
of exponential fitted taylor we have put alfa = 1.5 and norm = 2.

Table 7.7 Three-cluster method applied to problem (T.12)

g =np | k| Y% Sy Cx
10'1 18 | 50 | .764859 |.L4334Ok
1072 36 | 50 | .765405 |.L33561
1073 82 | 50 | .765671 |.4336Lk4
1o‘h 170 | 50 | .765781 |.433679
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8. Summary of integration formulae using at most four derivatives

This paper is concluded with a survey of possible integration formulae
using at most four derivatives.

We distinguish four classes of initial value problems.

Class A: Jacobian D of the given system of differential equations is
known to have negative or "almost negative" eigenvalues.
Many parabolic equations describing diffusion processes be-

long to this class.

Class B: Jacobian D is known to have imaginary eigenvalues. To this

class belong symmetric hyperbolic differential equations.
Class C: Eigenvalues of D cannot be located.
Class D: Eigenvalues of D can be placed in two or three widely spaced

clusters.

Table 8.1 The array data for some modified Taylor methods

class|datal[-2]|datal-1]| data[0]|datal1]|data[2]| datal3] datal[ L]

A 1 1 2 1

A 1 8 1 1/8

B,C 1 1

A 2 2 2 1 1/2

A 3 1 18 1 /27 L/T729

A 3 2 6.26 1 1/2 1/16

B 3 2 2 1 1/2 1/4

A,C 3 3 2.52 1 1/2 1/6

A I 1 32 1 5/32 1/128 1/8192
A L 2 12 1 1/2  |(-9)7868LL85| (-10) 36084541
A 4 3 6 1 1/2 1/6 (-9) 18455702
A,B,C N L 2v/2 1 1/2 1/6 1/2k
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f the given initial value problem belongs
ended to use modified taylor with an array
or methods using more than four derivative
] and [L1.

f the problem is of type D the two- or thr

ntial fitted taylor, is most convenient.

ass A, Bor C it i
as given in table

efer to the refere

ster method, i.e.
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